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Abstract. Let G be a simple compact connected Lie group. We study homogeneous Einstein metrics for 
a class of compact homogeneous spaces, namely generalized flag manifolds G/H with second Betti number 
bi{G/H) = 1. There are 8 infinite families G/H corresponding to a classical simple Lie group G and 25 
exceptional flag manifolds, which all have some common geometric features; for example they admit a unique 
invariant complex structure which gives rise to unique invariant Kahler-Einstein metric. The most typical 
examples are the compact isotropy irreducible Hermitian symmetric spaces for which the Killing form is the 
unique homogeneous Einstein metric (which is Kahler). For non- isotropy irreducible spaces the classification 
' of homogeneous Einstein metrics has been completed for 24 of the 26 cases. In this paper we construct the 

Einstein equation for the two unexamined cases, namely the flag manifolds Eg / U(l) X SU(4) X SU(5) and 
, Eg /U(l) X SU(2) X SU(3) X SU(5). In order to determine explicitly the Ricci tensors of an Eg-invariant 

i metric we use a method based on the Riemannian submersions. For both spaces we classify all homogeneous 

Einstein metrics and thus we conclude that any flag manifold G/H with b2(M) = 1 admits a finite number of 
non-isometric non-Kahler invariant Einstein metrics. The precise number of these metrics is given in Table 1. 
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Introduction 



m 

Given a Riemannian manifold M the question whether M carries an Einstein metric, that is a Riemannian 
metric g of constant Ricci curvature, is a fundamental one in Riemannian geometry. The Einstein equation 
• Ric 9 = A • g (A £ K) reduces to a system of a non-linear second order PDEs and a good understanding of its 

solutions in the general case seems far from being attained. If M is compact, then Einstein metrics (of volume 
1) become in a natural way privileged metrics since they are characterized variational as the critical points 
of the total scalar curvature functional T : M — > M, given by T{g) — J M S g dV g , restricted to the set Mi of 
Riemannian metrics of volume 1. However, even in this case general existence results are difficult to obtained. 
If we consider a homogeneous G-space M — G/H, then it is natural to work with G- invariant Riemannian 
metrics. For such a metric the Einstein equation reduces to an algebraic system which is more manageable 
and in some cases it can been solved explicitly. Most known examples of Einstein manifolds are homogeneous. 

A generalized flag manifold is an adjoint orbit M — Ad(G)w (w £ g) of a compact connected semi-simple 
Lie group G and it can be represented as a compact homogeneous space of the form M = G/H = G/C(S), 
where C(S) is the centralizer of a torus S in G (and thus rnkG = rnkiJ). Generalized hag manifolds have 
been classified in terms of painted Dynkin diagrams and these have Kahler metrics, that is, the homogeneous 
manifolds M = G/H can be expressed as G c /U where G c is the complexification of G and U a parabolic 
subgroup of G c . It is also known that there are a finite number of invariant complex structures on M and for 
each complex structure there is a compatible G-invariant Kahler-Einstein metric. In this paper we investigate 
invariant Einstein metrics on generalized flag manifolds M = G/H of a compact connected simple Lie group 
G with second Betti number = L Such a space is determined by painting black in the Dynkin diagram 

of G only one simple root. By [ BHi] it is known that M = G/H admits a unique invariant complex structure, 
and thus a unique Kahler-Einstein metric. Compact irreducible Hermitian symmetric spaces are the most 
typical examples of this category, and these are the only flag manifolds for which the Kahler-Einstein metric 
is given by the Killing form. Generalized flag manifolds M = G/H with &2(M) = 1 can be divided into 
following six classes, with respect to the height of the painted black simple root (see $3]), or equivalently, with 
respect to the decomposition of the associated isotropy representation (see Table 1): 

(A) The compact irreducible Hermitian symmetric spaces M = G/H, which admit (up to scaling) a unique 
invariant Einstein metric. In this case the height of the painted black simple root is equal to 1. 
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(B) The flag manifolds M — G/H for which the isotropy representation decomposes into two inequivalent 
irreducible Ad(-ff)-suhmodules, i.e., m = mi © rri2. These spaces are determined by painting black a simple 
root with height 2 and their classification was obtained in [AClj (see also [Sakj l. 

(C) Seven flag manifolds M = G/H with m = mi © m 2 © m 3 . These spaces were determined by painting 
black a simple root with height 3 [Kirn) . 

(D) Four flag manifolds M = G/H with m = mi ffim 2 ©1% ©rri4. These spaces are determined by painting 
black a simple root with height 4 |AC3] . 

(E) The flag manifold M = G/H = E 8 /U(l) x SU(4) x SU(5). It is determined by painting black the 
simple root 014 and its isotropy representation is such that with m = mi © • • • © m§. 

(F) The flag manifold M = G/H = E 8 / U(l) x SU(2) x SU(3) x SU(5). It is determined by painting black 
the simple root 0:5 and the associated isotropy representation is such that m = mi © • • • © ■ 



Table 1. The number £(M) of non-isometric invariant Einstein metrics on generalized flag manifolds with 6a(Af) = 1. 



M = G/H with 62 (M) = 1 


£(M) 


M = G/H with 02 \M) = 1 


£{M) 


(A) Hermitian Symmetric Spaces ( Wol ) 




(C) m = mi e m 2 m 3 ( Kim , AnC ) 




SU(*)/S(U(p) xO(<-p)) 


= 1 


F 4 /U(3) x SU(2) 


= 3 


SO(2£ + 1)/ SO(2) x SO(2£ - 1) 


= 1 


E 6 /U(2) x SU(3) x SU(3) 


= 3 


Sp(*)/U(£) 


= 1 


E 7 /U(3) x SU(5) 


= 3 


SO(2f)/SO(2) x SO(2£-2) 


= 1 


E 7 /SU(2) x SU(6) x U(l) 


= 3 


SO(2l)/ U(£) 


= 1 


E 8 /E 6 x SU(2) x U(l) 


= 3 


E 6 /U(l) x SO(10) 


= 1 


E 8 /U(8) 


= 3 


E 7 /U(l) x E 6 


= 1 


G2 / U(2) (U(2) represented by the long root) 


= 3 


(B) m = mi ©m, f|DiK|, |AC2I) 




CD) m = mi © m->. ffi m 3 ffl ma f|AG3|"> 




SO(2l+ l)/U(£-m) x SO(2m + l) (i-m^l) 


= 2 


F 4 /SU(3) x SU(2) x U(l) 


= 3 


Sp(£)/ V(£ - rn) x Sp(m) (m 7^ 0) 


= 2 


E 7 /SU(4) x SU(3) x SU(2) x U(l) 


= 3 


SO(2£)/U(£-m) x SO(2m) (£ - m ± 1, m ^ 0) 


= 2 


E 8 /SU(7) x SU(2) x U(l) 


= 3 


G2 /U(2) (U(2) represented by the short root) 


= 2 


E 8 /SO(10) x SU(3) x U(l) 


= 5 


F 4 /SO(7) x U(l) 


= 2 


(E) m = mi © m 2 © m 3 © m 4 © m 5 




F 4 /Sp(3) xU(l) 


= 2 


E 8 /SU(5) x SU(4) x U(l) 


= 6 (new) 


E 6 /SU(6) x U(l) 


= 2 


(F) m = mi © m 2 © m 3 © m 4 © m 5 © m 6 




E 6 /SU(2) x SU(5) x U(l) 


= 2 


E 8 / SU(5) x SU(3) x SU(2) x U(l) 


= 5 (new) 


E 7 /SU(7) x U(l) 


= 2 






E 7 /SU(2) x SO(10) x U(l) 


= 2 






E 7 /SO(12) x U(l) 


= 2 






E 8 /E 7 xU(l) 


= 2 






E 8 /SO(14) x U(l) 


= 2 







As one can see in Table 1, homogeneous Einstein metrics of the first four classes (A)-(D) have been 
completely classified in |Sakj , [DiKj , [AC2] , |Kimj and |AC3j (see also the recent work [AnCj , where invariant 
Einstein metrics were studied under the more general context of Ricci flow). In particular, only the cases (E) 
and (F) have not been examined yet. In this article we focus on these two flag manifolds and by applying a 
method based on the Riemannian submersions we construct the homogeneous Einstein equation. Moreover 
for both cases we manage to classify all (non-isometric) homogeneous Einstein metrics. Our main results are 
stated as follows: 

Theorem A. The generalized flag manifold M = G/H = E 8 /U(l) x SU(4) x SU(5) admits (up to an 
isometry and a scale ) precisely five non-Kahler Eg -invariant Einstein metrics (see Theorem^). 

Theorem B. The generalized flag manifold M = G/H = E 8 /U(l) x SU(2) x SU(3) x SU(5) admits (up 
to an isometry and a scale) precisely four non-Kahler Eg-invariant Einstein metrics (see Theorem^. 

Notice that the construction as well as the determination of all real positive solutions of the homogeneous 
Einstein equation on E 8 / U(l) x SU(2) x SU(3) x SU(5), is much more complicated than case (E). For example 
here we find 9 non-zero structure constants with respect to the decomposition m = miffim2©m3©m4ffim5©m6 
(see also [Chr j ) . In order to determine them explicitly we use the method of Riemannian submersions as well 
as the method based on the twistor fibration of G/H over the symmetric space E 8 /E7 x SU(2), a method 
which was initially presented in the first author Phd's thesis ( }AC3j ). For this space the system of algebraic 
equations which give the homogeneous Einstein equation consists of five non-linear polynomial equations 
and it seems that it is difficult to compute a Grobner basis. However we are able to obtain all positive 
real solutions approximately by using the software package HOM4PS-2.0, which implements the polyhedral 
homotopy continuation method for solving polynomial systems of equations with several variables ( |LeLT| ) . 

From previous results of Einstein metrics on flag manifolds G/H with b%(G/H) — 1 and Theorems A and 
B, we conclude that 
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Main Theorem. Let G a compact connected simple Lie group and let M — G/H be a generalized flag 
manifold with first Betti number b2(G/H) = 1, which is not an irreducible Hermitian symmetric space of 
compact type. Then M admits a finite number of non-isometric G-invariant Einstein metrics which are not 
Kahler. 

It is worth to mention that the results of this work support the finiteness conjecture of invariant Einstein 
metrics on reductive homogeneous spaces G/H with simple spectrum (cf. [BWZj ). 

The paper is organized as follows: We describe the Ricci tensor on a reductive homogeneous space in 
§1 and Riemannian submersions of homogeneous spaces in §2, and in §3 we discuss the algebraic setting of 
flag manifolds. In §4 we treat the space M = G/H = Es /U(l) x SU(4) x SU(5), we write down explicitly 
the homogeneous Einstein equation and we prove Theorem A. For the second flag manifold M = G/H = 
E 8 /U(l) x SU(2) x SU(3) x SU(5) and Theorem B, this will be done is §5. 
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1. The Ricci tensor of a G-invariant metric 

Let G be a compact connected semi-simple Lie group with Lie algebra q, and let H be a closed subgroup of 
G with Lie algebra f)Cj. We denote by B the negative of the Killing form of g. Then B is an Ad(G)-invariant 
inner product on g. Let m be an Ad(£f )-invariant orthogonal complement of f) with respect to B, that means 
q = t) ffi m and Ad(H)m C m. As usual we identify m = T G/H, where o = eH € G/H. We assume that 
m = T G/H admits a decomposition m = mi ffi • • • ffi m q into q irreducible Ad(iJ)-modules nij (j — 1, • • • , q), 
which are mutually non-equivalent. 

Let us consider the G-invariant Riemannian metric on G/H given by 

( , ) = Xi ■ B\ mi H h x q ■ B\ mq , xi, ■ ■ ■ ,x q e K+. (1) 

Because mi ^ rrij for any i ^ j, any G-invariant metric on G/H is given by ([1]). Note also that the space of 
G-invariant symmetric covariant 2-tensors on G/H is given by 

{zi- B\ mi + ■■■ + z q - B\ mq \ ,z q €R}. (2) 

In particular, the Ricci tensor r of a G-invariant Riemannian metric on G/H is a G-invariant symmetric 
covariant 2-tensor on G/H and thus f is of the form j2j. Let {e a } be a _B-orthonormal basis adapted to 
the decomposition of g, i.e., e a & m^ for some i, and a < (3 if i < j (with e a € m^ and ep € TOj). We set 

— . Ik 

A lp = B ([ e a,e/3} , e 7 ) so that [e a ,ep] = £) 7 A^e 7 , and set c£- = . . 

over all indices a,/3, 7 with e a £ m^, ep € rrij, e 7 € m^-. Then is independent of the B-orthonormal bases 
chosen for m^m^mfc, and symmetric in all three indices, i.e. = = c° ki (see |WZ2j ). 

Theorem 1. ( PaS]) Let dk = dimrrifc. The components r\, ■ ■ ■ ,r q of the Ricci tensor r of the metric g of 
the form ([T]) on G/H are given by 



= ^^(^l^) 2 , where the sum is taken 



1 1 v ^ x k 



2,Xk ^dk . . XjXi 

where the sum is taken over all i,j = !,••• ,q. 



-T 



2d k < 

3,1 



(k = l, ■■■ , q), (3) 



2. Riemannian submersions 

Let G be a compact semi-simple Lie group and H, K two closed subgroups of G with H C K . Then 
there is a natural fibration ir : G/H —> G/K with fiber K/H. Let p be the orthogonal complement of t in 
q with respect to B, and q be the orthogonal complement of fj in {. Then we have g = £©p = f)©q©p. 
An Adg (JQ-invariant scalar product on p defines a G-invariant metric g on G/K, and an Ad^ (iZ)-invariant 
scalar product on q defines an iT-invariant metric g on K/H. The orthogonal direct sum for these scalar 
products on m = q © p defines a G-invariant metric g on G / H , called submersion metric. 

Proposition 1. ( |Be| p. 257]) The map it is a Riemannian submersion from (G/H, g) to (G/K g) with 
totally geodesic fibers isometric to (K/H, g). 
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Note that q is the vertical subspace of the submersion and p is the horizontal subspace. For a Riemannian 
submersion, O'Neill |ON] has introduced two tensors A and T. Since in our case the fibers are totally geodesic 
it is T = 0. We also have that AxY = h[X, Y] q for any X, Y 6 p. Let now {Xi} be an orthonormal basis of 

p and {Uj} be an orthonormal basis of q. For X,Y 6 p we put g(Ax, Ay) — g(AxXi, AyXi). Then we 



have that 



g(A x , A Y ) = j^2§([X, X,],, [Y, Xi},) 



(4) 



Let r, f be the Ricci tensors of the metrics g, g respectively. Then it is easy to see that ([Be, p. 244]) 

r(X,Y) = f(X,Y)-2g(A x ,A Y ) for X,Yep. (5) 

We remark that there is a corresponding expression r(U, V) for vertical vectors, but it does not contribute 
additional information in our approach. 

Let now p = pi©-- -ffip^ be a decomposition of p into irreducible Ad(if )-modules and let q = qiffi- • -ffiq s be 
a decomposition of q into irreducible Ad(i?)-modules. Assume that the Ad(i4T)-modules pj (j = 1, • • • ,£) are 
mutually non equivalent. Note that each irreducible component pj as Ad(-ff)-module can be decomposed into 



irreducible Ad(_ff)-modules. To compute the values 



for G j H, we use information from the Riemannian 



submersion ir : (G/H, g) — > (G/K, g) with totally geodesic fibers isometric to (K/H, g). We consider a 
G-invariant metric on G/H defined by a Riemannian submersion n : (G/H, g) — > (G/K, g) given by 



g = ViB\ Pl -f 

for positive real numbers y%, ■ ■ ■ , yi, z\, ■ 
ducible Ad (H)- modules 



z x B\ 



(G) 



where the Ad(7J)-modules rrij^ (j = 1, • ■ 
the irreducible decomposition m = mi © 
written as 

ft! 

g = vi^B\ mit + 

t=l 

Note that the metric g on G/K is given by 

g = V\B\ Pl 

and the metric g on K/H arc 

g = ziB\^ - 



Then we decompose each irreducible component pj into irre- 
pj = mj,i © • • • © nij, &J . , 

, I , t = 1, - • • , kj) are mutually non equivalent and are chosen from 
• • © trig of Ad(ff )-modules. Thus the submersion metric © can be 



+ Vt^2B\ mttt +ziB\, 



z,B\ 



t=i 



yiB\ 



z,B\ 



Lemma 1. ([ACS ) Let djj — dimirtj^. The components rtj tt > (j = 1, 
tensor r for the metric ([7]) on G/H are given by 



t = I,- 



1 



r U,t) 



EE 



(7) 

(8) 
(9) 

, kj ) of the Ricci 
(10) 



,U,t) U',t')] 

where fj are the components of Ricci tensor f for the metric g on G / K . 

Notice that when metric (j6|) is viewed as a metric ([T]) then the horizontal part of t ) equals to fj 
(j = 1, ...,£), in particular, it is independent of t. 

3. Decomposition associated to generalized flag manifolds 

In this section we review briefly the Lie theoretic description of a flag manifold in terms of painted Dynkin 
diagrams, and next we recall some notions from the geometry and the topology of such a space. 

Let G be a compact semi-simple Lie group, fj the Lie algebra of G and t a maximal abelian subalgebra 
of g. We denote by g c and t c the complcxification of g and t, respectively. Then t c is a Cartan subalgebra 
of g 1 



We assume that dimct c = I = mkQ v . We identify an element of the root system A of g v relative 



to t with an element of 



decomposition of g v relative to t v , i.e., g c = i c 



It, by the duality defined by the Killing form of pj c . Consider the root space 
©aeA 3a- Let LT = {ai, • • • , a e } be a fundamental system of 



A and {A x , ■ • • , A g } the fundamental weights of corresponding to LT, that is 2(A i , aj)/(otj,oij) = 6^, for any 



1 < i,j < £ We choose a subset LT c LT and we set LTm = LT\n = {a. tl , 



,a ir } (1 < a ix < 



< a ir < t). 
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We put [II ] = Anspan z {II } and [n ] + = A + n span z {n }, where span z {LI } denotes the subspace of V - It 
generated by II with integer coefficients, and A + is the set of all positive roots relative to II. Take a Weyl 
basis {E a g gjj : a € A}, and set A a = E a +E- a and B a = y/^l(E a — E- a ). Then the Lie algebra g, is a real 
form of g c which can be identified with the fixed-point set g r of the complex conjugation r in g c , that means 
g r = g = te ® aeA+ {RA a +RB a } (see [AC2Q . Moreover, the subalgebra u = t c © QS[ n o]uA + 0^ C C is a 
parabolic subalgebra of g c since it contains the Borel subalgebra b = t c © © q£ a+ Ba c fl € - 

Let G c be a simply connected complex semi-simple Lie group whose Lie algebra is g c and U the parabolic 
subgroup of G c generated by u. Since U is connected, the complex homogeneous manifold G c /U is simply 
connected (and compact). In fact G acts transitively on G c /U with isotropy group the connected closed 
subgroup H = G n U C G, thus G c /U = G/H as C°°-manifolds. This identification implies that G c /U 
carries a G-invariant Kahler metric. Notice that H = G H U is the centralizer of a torus S C T in G, where T 
is the maximal torus generated from the ad-diagonal subalgebra t. Thus rnkG = rnk-ff. The homogeneous 
space M = G c /U = G/H is called generalized flag manifold, and any generalized flag manifold is constructed 
in this way. Let f) be the Lie algebra of H and let f) c be its complexification. Due to the inclusion t c C f) c C u 
we obtain a direct sum decomposition u = f) c © n, such that gllii = f), where the the nilradical n of u and 
the subalgebra f) c are given by n — Q£ A+-[n o ]+ Ba an d f) € = t c © Qe [n o ] 9a-> respectively. Consequently 
the real subalgebra f) has the form by f) = tffi Q£ r no i+{lRA a , + M.B Q }. 

From now on we will denote by a = $^fc=i CkUk the highest (or maximal) root of g c , it means that Ck > mfc 
for any other positive root a — m^a^ G A + . Next we will call height of a simple root aj € II the 

positive integer Cj and we will use the map ht : II — > Z + , i— > ht(aj) := c^. 

Proposition 2. ([BuR, Proposition 4.3]) Let 3 6e i/ie center of the nilpotent Lie algebra n. Then we have 
ad(f) c )(3) C 3 and i/ie action of f) c on 3 is irreducible. Moreover, the ad(l) c ) -module 3 is generated by the 
highest root space JJ~. 

We denote by f)o the center of f), and ()o its complexification. Since f) c is a reductive subalgebra of g c , it 
admits the decomposition t) c = f)g © where f}s S is the semi-simple part of f) c , given by t)^ s = [t) c , f) c ] = 
Qe n o ^-"©aeino] Ba- The set [n ] is the root system of t)^ s and n is a basis of simple roots for it. For 
convenience, we will denote the set [IIo] by Ah- We set Am = A\A#. Roots belong to A m are called 
complementary roots and they have a significant role in the geometry of M = G/H. For example, let m be 
the orthogonal complement of f) in g with respect to B. Then we have g = t)©m, [f),m]cm, and we identify 
m with the tangent space T a G/H in o = eH g G/H. Set A M = A + \A^, where A^ is the system of positive 
roots of f) c , i.e., A+ = [n ] + . Then 

m= {R^ Q +MB Q }. (11) 

aeA+ 

The complexified tangent space m c is given by m c = J2 a eA M Ba> an d the set {E a : a £ A^/} is a basis of m c . 
Note that although the set IIm consists of all these complementary roots which are simple, is not in general 
a basis of Am, that is Am is not in general a root system. 

Generalized flag manifolds M — G/H of a compact connected simple Lie group G are classified by using 
the Dynkin diagram of G, as follows: Let F = r(IT) be the Dynkin diagram corresponding to the base of 
simple roots LI of the root system A of g c relative to the Cartan subalgebra t c . 

Definition 1. The painted Dynkin diagram of M — G/H is obtained from the Dynkin diagram T = T(IL) by 
painting black the nodes which correspond to the simple roots of IIm- The sub-diagram of white nodes with 
the connecting lines between them determines the semi-simple part f) ss of the Lie algebra t) of H , and each 
black node gives rise to one \x(\)-summand (their totality forms the center t)o oft)). 

Thus the painted Dynkin diagram determines the isotropy group H and the space M = G/H completely. 
It should be noted that the resulting painted Dynkin diagram does not depend on the choice of a maximal 
abelian subalgebra t and hence of A. On the other hand the necessity of making a choice of a base II for A (or 
equivalently of an ordering A + in A) reduces the number of painted Dynkin diagrams. By using certain rules 
to determine whether different painted Dynkin diagrams define isomorphic flag manifolds, one can obtain all 
flag manifolds G/H of a compact connected simple Lie group G (cf. [A A] ) . 

Remark 1. The (real) dimension of the center f)o of the subalgebra f) is equal to the number of black 
nodes in the painted Dynkin diagram of M — G/H, or equivalent equal to the number of u(l) summands 
in the decomposition of f). By assuming that IIm = {o^, • • • , }, it follows that the fundamental weights 
A,j, . . . , Aj r form a basis of the dual space f)g of fjo- Since f)g = f)o via the Killing form of g, we obtain 
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dimtio = r = \Hm\ where |IIm| is the cardinality of Hm (cf. | APej ) . From [BHil p. 507] it is well-known 
that H 2 (M;R) = i/^iJjR) = <t}„. Thus the second Betti number b 2 (M) of the flag manifold M = G/H is 
equal to dim t)o and it is obtained directly from the painted Dynkin diagram. Moreover, any flag manifold 
M = G/H of a simple Lie group G with b 2 (M) = r, is determined by a subset C II with |II M | = r and 
it is constructed in the above way. 

From now on we assume that G is simple and we choose a subset ILj C II such that Hm = FT — LTq = 
{cti}, for some fixed i with 1 < i < I. Then the corresponding flag manifold M = G/H is such that 
dimfio = 1 and b 2 (M) = 1. We also assume that ht(a^) = N E Z + . To an integer k with 1 < k < N 

= X^^=i TO j a j! mi = k>. Then it is obvious that = 



we associate the set A + (ai,k) = |a € A + 

A+\ A+ — I I A + l™. h\ Wo Aofma Q a, 



a 



A + \Aj { = Ui<fc<jv k). We define a subspace of the nilradical n by tifc = ® ae ^+^ a . k ) CE a . Then 

rifc (k = 1, • • • , N) are ad (fj c ) -invariant subspaces, and n = 0, =1 rij is an irreducible decomposition of n (see 
Wo2 ). In view of Proposition^ we have that 3 = n^. We also define subspaces rrifc of m, given by 

™fc = {R(E a +E_ a )+R^l(E a - £_«)}. (12) 

Note that m& are Ad(_ff )-invariant submodules of m which are matually inequivalent each other, for any 
k = 1 , • • • , N ( Kim ) . We also recall the following useful inclusions (see for example [AC 2) ) : 

[rj,mi]cmi, [m i; m,] C I) + m 2i , [m^m^] C xtH+j + (i^j). (13) 

By using (TIT]) , we get a characterization of m in terms of the submodules rrifc: 

Lemma 2. Let M — G c /U — C/H be a flag manifold of a compact connected simple Lie group G, defined 
by a subset Hm — {cti : ht(a^) = N} C II. Then, m = T Q M admits a decomposition m = ©kLi rn fc into N 
irreducible, inequivalent Ad(iJ)- submodules rrifc defined by A12\) . Moreover, it is d^ = diniR rrifc = 2- 1 A + (ai, k)\, 
for any 1 < k < N . 

Note that according to the notation of §1, for the space M = G c /U = G/H in Lemma [2J it is N = q. 

Remark 2. It is well known (cf. | APej . |Takj . [AC3j ) that for a flag manifold G/H, there is a 1-1 corre- 
spondence between G-invariant complex structures J and compatible G- invariant Kahler-Einstein metrics hj, 
given by J O hj = {h a = (5 m , a) : a € A^ f }, where h a — hj(E a , E^ a ) are the components of the metric hj 
with respect to the base {E a : a € Am} of m c . The weight S m = (1/2) J2bca + P e \/~ Tf)o is called Koszul 
form. If we assume that M is defined by a subset LTm = {cx^, ■ ■ ■ ,cti r }, then the following relation holds: 
2<5 m = Ui t ■ A a . + ■ ■ ■ + Ui r ■ A Q . . The positive integers i m 1 > 0, . . . , Ui r > are called Koszul numbers. 

Proposition 3. QBHi ) Let M — G /U = G/H be a flag manifold defined as in Lemma\^ Then M admits 
a unique G-invariant Kahler-Einstein metric given by 

hj = B\ mi + 2 ■ B\ m2 +---+N- B\ mN . (14) 

Proof. We give a short proof here since one is difficult to find it in the literature. By [BHil Proposition 
13.8] we know that M admits a unique G-invariant complex structure J induced by the invariant ordering 
A M = A + /A^ (we identify J with its conjugate J which is induced by the invariant ordering A M = — A^). 
The complex structure J is described by an ad(f) c )-invariant endomorphism J D on m c with J% — — Id m c, 
explicitly determined by the formulae J E± a = zt^—lE± a , for any a £ A^ f . In view of Remark^ M admits 
a unique G-invariant Kahler-Einstein metric hj compatible with J. Because TIm = {cti ■ ht(«i) = N}, (where 
i is fixed, 1 < i < £), we have S m = Ui/2 ■ Aj with Ui > 0. From Lemma H it is m = ©t._j irife, thus the 
G-invariant metric hj on M has the form hj = X)^=i ^fc '^\m k with (hi, . . . , /iw) € K^. Here by h k we denote 
the component of the metric hj on the specific submodule rrifc, for any 1 < k < N, i.e. h k — hj(E a , E- a ) 
with a € A + (cti,k); by Remark [5] it is defined as follows: h k = hj(E a , E- a ) = (<5 m ,Q!) with a £ A + (cti,k). 
Because (Ai,cti) = {cti,ai)/2 it easy to see that 

11 . 7/ ■ 

hk = (5 m ,ct) = (— ■ Ai, rxi\ct\ H V kcti -\ h micti) = (— ■ Aj, ka^ =k-Ui - (en, cti). 

Since the simple root ai is fixed, the number m ■ (a;, ai) is constant and independent of the integer k for any 
1 < k < N. By normalizing the metric the proof is complete. □ 
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4. Homogeneous Einstein metrics on E 8 /U(l) x SU(4) x SU(5) 



4.1. The construction of the homogeneous Einstein equation on Eg/U(l) x SU(4) x SU(5). Let 
G = Eg. A basis of simple roots for the root system of Es is given by II = {a\ = e± — e2, . . . , otf = 
e-j — eg, as = + e 7 + e s}, an d a = 2«i + 3«2 + 4«3 + 5a4 + 60:5 + 4ct 6 + 2a 7 + 3a 8 (cf. [ACS]). We set 
ILv = {0:4}, thus n = {«!, «2i a 3; a 5, a 6i a 7i ojg}. So we obtain the (extended) painted Dynkin diagram (the 
douple circle denotes the negative of a) 

OL\ OL2 a 3 «4 OJ5 CtQ OL-j 



1 a 8 



It defines the flag manifold M = G/H = Eg / U(l) x SU(4) x SU(5). Let q = f)ffim be a reductive decomposition 
of g with respect to £?. Because ht(a4) = 5, from Lemma[2]it follows that N = 5 = q, that is m = m 1 © m 2 © 
m 3 © m 4 © m 5 . We consider an E 8 -invariant Riemannian metric ( , ) on G/H = Eg / U(l) x SU(4) x SU(5) 
given by 



x i • B\ mi 



x 2 ' ^lm 2 



x 3 ■ B\ m3 



X4 ' B\ mi 



(15) 



By applying Theorem [1] we obtain that: 



Proposition 4. TTie components ri of the Ricci tensor r for the G-invariant metric ( , ) on G/H defined by 
(|15[) . are given as follows 



n = 



1 1 

2x[ ~ ~2d\ 
1 ' 

34 



"2" 


X2 


1 


' 1 " 


11 


2 

X\^ 


V 2d[ 


23 



1 

~2a\ 



Xi 



i 3 



3'4 



X3X4 X1X4 X1X3 



xi 

x 2 x 3 
1 

+ 2di" 



■1-2 



X 3 



X1X3 X\X2, 
1 ( X\ X4 

45 



•'•5 



\X4X5 X1X5 X1X4 



r 2 = 



r 3 



1 

2x~ 2 
1 

2d~2~ 
1 1 

2x^ + 2d^ 

~3~ 



1 


'2' 


/ ^2 


-— ) 


1 


'4" 


~4d~2~ 


11 


U1 2 


^2/ 


~ 2d~2 


22 



'•4 



''5 



1 

2dl 
1 

2X4 

1 

~2~dk 
1 

' 2^ 



25 



X2 

X1X 3 

3' 
12 

^3 



X 2 X 5 X 3 X 5 



Xl 

x 2 x 3 
x 3 



X3 

X2X1 
x 2 





'2' 




) + 2d 2 


35 


( 



X4 
X2 2 



X2 
X 3 X 5 



X\X2 

X2 



X3X1 X 3 X 2 

_ x 5 \ 

X 3 X 2 J 





"3" 




) + 2d 3 


14 


( 



x 3 

X2X5 
x 3 



2/5 



£22:3 

Xl 



.j; 4 



v XiX4 X3X4 XiX 3 



(16) 



1 

4dl 



4 

22 

X4 

2:1X5 



1 

2ds" 



X4 
x 2 2 

Xl 

X4X5 
x 5 



2 

2'4 



1 



.7-4 



Xl 



2-3 



2:5 
X1X4 

2'2 



2:22:3 2:3X5 



2:3 
X2X5 



2:i2: 3 X3X4 X4X1 



2:5 





"5" 




) + 2d 5 


14 


( 



. X1X4 



2:1 

X4X5 



2'4 

X1X5 



From Proposition [3j we known that the metric B\ mi + 2- B\ m2 + 3 • £> |m 3 + 4 • B\ m4 + 5 • -B|m 5 is the unique 



Kahler-Einstein on G/H. By substituting these values in the system {ri 



»'2 



r 3 = r4 = r^}, we obtain 



1 



2 




3 




4 




5 




+ 




+ 




+ 




11 


12 


13 


14 



~ 4 + d 2 1 4 



2 


1 


3 


1 


4 


1 


5 


11 


~ 2 


12 


~ 2 


22 


~ 2 


23 



- — I i 

6 + d 3 I 3 



3 


1 


4 


1 


5 


12 


~ 3 


13 


~ 3 


23 



- — fi 

8 + d 4 V 4 



+ 



(17) 



— —(- 

10 + d 5 V 5 



+ 



4.2. Use of submersion. From fll~7|) we obtain a system with four equations and six unknowns, namely the 

"5" 
23 



triples 



2 




3 




4 




5 




4 


11 




12 


5 


13 




14 




22 



, and 



In order to compute them explicitly, we make use of Lemma 
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[TJ We put 6 = f) © m 5 , 61 = f) © f)i © nr 5 , pi = mi © m 4 , p 2 = m 2 © m 3 and qi = m 5 . Then Ms a subalgebra 
of q. By using (TTBI we get that 

[pi, Pi] Cp 2 ©«, [Pi, pa] C pi ©p 2 , [P2, Pa]Cpiffit (18) 

Thus, we obtain an irreducible decomposition g = t © pi © p2 as Ad(K )-modules, which are mutually non- 
equivalent (cf. [WZTl p. 575]). 

Note that we have an irreducible decomposition 



= f)o © fh © 1)2 © mi © m 2 © m 3 © m 4 © m 5 



(19) 



as Ad(-ff)-modules, where f)o is the center of f) and f)i = su(4), \) 2 = su(5), and that do — dimt)o = 1, 
di = dimt) 1 = 15 and d 2 — dimf) 2 — 24. Also, by applying the second part of Lemma [2] we obtain that 
di = dimu^ = 80, d 2 — dimm 2 = 60, d 3 — dimm 3 = 40, d± — dimm 4 = 20 and d 5 = dimm 5 = 8. 

Proposition 5. In the decomposition (fT9|) we can take the ideal t) 2 such that [f)2,nxs] = {0}. 

Proof. We can assume that f)2 7^ {0}. Note that there is only a simple root <x, = a 8 with (otj a ,a) ^ 
and thus we can take the ideal f)2 so that [fj^-Es] = {0}. Since ri5 = [h , .Eg], we have that [f)2,ti5] = 
[i) C ,E s ]] C f) c ] ,Es] + [f) C , [f&^s]] = {°}- B y the definition of m 5 , we get the result. □ 

From PropositonEJ we see that ti is also a subalgebra of g. In particular it is 6 = t\ © f)2> where t) 2 — Sti(5), 
and for dimensional reasons we also obtain that ti = su(5). 

Since f) C J, we determine a fibration G/H -> G/K, given by E 8 / U(l) x SU(4) x SU(5) -> E 8 / SU(5) x 
SU(5). The base space G/K = E 8 / SU(5) x SU(5) has two isotropy summands, namely pi and p 2 . We consider 
a Riemannian submersion it : (G/H, g) — > (G/K, g) with totally geodesic fibers isometric to (K/H, g). 

Note that a G-invariant metric g on G/K = Eg / SU(5) x SU(5) is given by 

9 = Vi ■ B\ Pl + y 2 ■ B\p 2 , ( yi ,y 2 )eR 2 + , 
a G-invariant metric g on G/H = E 8 /U(l) x SU(4) x SU(5) is given by 

.9 = Vi ■ B\ Pi + y 2 ■ B\ P2 + zi ■ B\ qi , (y 1 ,y 2 ,z 1 ) € R\ 
and a X-invariant metric g on K/H ~ SU(5)/ U(l) x SU(4) is given by 

9 = zi ■ B\ q± , z\ E K+. 
Notice that the metric (l2~lT) can be written as the metric of the form (fl~5l) : 



9 = Vi ■ B\ mi + y 2 ■ B\ m2 + y 2 ■ B\ m3 + y 1 ■ B\ mi + Z\ ■ B\ m5 . 
From (fl"6)) wc obtain components r.i of the Ricci tensor r for the metric ([23]) on G/H as follows: 



(20) 
(21) 
(22) 
(23) 



ri 
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zi 



y 2 2 2d 2 



2/2^ 



»*3 = 
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(24) 



2/1 
2/2 2 



zi 

9 

y2 z 



2 
yi 

2 
21 
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2~ck 


13 


yi 2 


~2d A 


15 


yi 2 
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yi 
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Now we put that d\ = dim pi = 100 and d 2 = dimp2 = 100. Note that the components f .; of the Ricci 
tensor f of the i? 8 -invariant metric g on E 8 /K defined by (|20)) . are given as follows: 



1 

2yi ' Ad iy2 2 

1 , y2 



1 



2di \yi 



112 



+ 



?/i 
1 



(25) 
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f) 



From Lemma [TJ by taking the horizontal part of r\ and r 4 , and r^. and r% , we see that 



n 



f'2 
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Hence we conclude that the following equalities must hold: 
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(27) 



From equations (IT7l) and (|27|) . we get a system of equations: 
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) (28) 



By solving system (j2"8")l we obtain explicitly the values of all non-zero triples of G/H . 



Proposition 6. For the G '-invariant metric ( , ) on M = G/H 



structure constants 



are given by 



12, 



E 8 /U(l) x SU(4) x SU(5), the non-zero 

= 2. 





"4" 




"5" 


= 4/3, 


"4" 




'5" 






= 4, 






= A, and 






13 


14 


22 


23 



4.2.1. Solutions of the homogeneous Einstein equation. It is obvious that due to Proposition [6j the 
components r, (1 < i < 5) of the Ricci tensor are completely determined by equation (|16p . Thus, a G-invariant 
metric on G/H given by (1151) . is an Einstein metric, if and only if it is a positive real solution of the system 

of equations |rj — r2 = 0, r2 — r% = 0, r% — r 4 = 0, r 4 — rs = j. We normalize our equations by setting 
x\ = 1. Then, we obtain the following system of polynomial equations: 

/i = — 15x2 3 X3X4Xq — lAx2 3 X4X5 — 2x2 3 x 4 — 3x2 2 X3 2 x$ — X2 2 x^x 2 + 60x2 2 a;3a; 4 £5 
+22 2 £3 — 3a:2 2 a; 4 2 a;5 + 3a; 2 2 x 5 + 2x2X 3 2 X4X 5 + 2x 2 x 3 2 X4 — X2X 5 2 (x 2 x 3 — 2x 4 ) 

— A8X2X3X4X5 + IAX2X4X5 + AX3X4 2 X5 = 0, 

fl = 6x2 3 X3X4Xs + 20x2 3 a; 4 a;5 + 5x2 3 X4 — 6x2 2 X3 2 x$ + 6x2 2 x 4 2 a;5 — 60x2 2 a; 4 a;5 + 6x2 2 xs 

— 20X2X3 2 X4X5 — 5X2X3 2 X4 + A8X2X3X4X5 + X2X4X5 + AX2X4X5 — Axj,x 2 x^ = 0, 

f 3 = -12x 2 3 X4X 5 - ix2 3 x A + 18a;2 2 X3 2 X5 - 4x 2 2 a;3X 4 2 - 48i£2 2 2;3£5 + 4a; 2 2 a;3 

— 18x2 2 x 4 2 X5 + 60x2 2 a; 4 a;5 + 6x2 2 ir5 + \2x2Xz 2 X4X§ + 3x2X3 2 x 4 + X2X5 2 (4a;2a;3 — 3ir 4 ) 

— 12a;2X 4 a;5 — 6a;3a; 4 2 a;5 = 0, 

fi = 15i£2 3 x 4 — 12x 2 2 a;3 2 a;5 + lAx 2 2 x 3 X4 2 — 60x 2 2 a;3X 4 + 48a; 2 2 a;3a;5 + 6x2 2 £3 + 12x2 2 x 4 2 x 5 

— 12X2 2 X5 + 15X2X3 2 X4 — X2X$ 2 {\Ax2Xz + 15x 4 ) + 6cC3CC 4 2 2;5 = 

To find non-zero solutions of equations (|29[) . we consider a polynomial ring R = Q[y, X2, X3, X4, X5] and an ideal 
/ generated by {/1, /2, f^, / 4 , y X2X3X4X5 — 1}. We take a lexicographic order > with y > X2 > £3 > X4 > X5 
for a monomial ordering on R. Then, by using for example Mathematica, we see that a Grobner basis for the 
ideal / contains the following polynomials: (x$ — 5) hi(xs), where hi(xs) is a polynomial of x§ of degree 80 
with integer coefficients, and polynomials of the form 

62^2+^2(2:5), 63^3 + «3 (2:5)1 04X4 + V4(x 5 ) (30) 



(29) 
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where 62,63,64 are integers and ^2(2:5), ^3(2:5), Vi{x^) are polynomials of 2:5 with degree 80 of integer coeffi- 
cients. For the case when 2:5 — 5 — 0, we consider ideals I\ of the polynomial ring R = Q[y, X2, 2:3, 2:4, x$] 
generated by /3, f<t, y, X2X3X4X5 — 1,xq — 5}. Then, by taking a lexicographic order > with y > 

x 2 > x 3 > x a > x 5 f° r a monomial ordering on i?, we obtain a Grobner basis for the ideals I\ that contains 
polynomials {x 2 — 2,2:3 — 3,2:4 — 4, 2:5 — 5}. This solution corresponds to the Kahler Einstein metric. For 
the case hi(x§) = 0, we see that there are 18 positive solutions for x 5 . After substituting these values in the 
equations 622:2 + ^2(2:5) = 0, 632:3 + ^3(2:5) = 0,642:4 + ^4(2:5) = 0, we see that there are 5 cases that all values 
for x%, X3 and 2:4 are positive. 

Thus we get: 

Proposition 7. The generalized flag manifold M = G/H = Eg/U(l) x SU(4) x SU(5) admits (up to a 
scale) precisely five non-Kahler Eg-invariant Einstein metrics. These Eg- invariant Einstein metrics g — 



(X 1 ,X2,X 3 ,X 4 . 


X5) 


are 


given approximately by 












(1) 


Xi = 


= 1, 


x 2 f= 


a 1.0213742, 2:3 p 


a 0.54600746, 


2:4 p 


a 1.0535169, 


2:5 p 


a 1.1087938, 


(2) 


Xi = 


= 1, 


2:2 f= 


a 1.0373227, 2:3 p 


a 1.0471761, 


2:4 p 


a 1.0308150, 


2:5 p 


a 0.29861996, 


(3) 


Xi = 


= 1, 


2:2 p 


a 0.59978523, 2:3 p 


s 1.0837088, 


2:4 p 


a 0.90182312, 


2:5 p 


a 1.2229122, 


(4) 


Xi = 


= 1, 


2:2 p 


a 0.72071315, 2:3 p 


d 1.0254588, 


2:4 p 


a 0.47523403, 


2:5 p 


a 1.0709463, 


(5) 


Xi = 


= 1, 


2:2 p 


a 1.0829413, 2:3 p 


s 1.0408835, 


2:4 p 


a 0.53261506, 


2:5 p 


a 1.1035115. 



and the Einstein constants X are given by 

(1) A « 0.36550657, (2) A sa 0.33727144, (3) A sa 0.37877040, (4) A sa 0.38698208, (5) A pa 0.33939371. 

For any G- invariant Einstein metric g — (x±, X2, 2:3, 2:4, 2:5) on M — G/H, we consider the scale invariant 

5 5 

given by H g — V g 1 ^ d S g , where d — di, S g is the scalar curvature of g and V g is the volume V g — JJ^ Xi di of 

i=l i=l 

the given metric g (cf. [AC3j ). We compute the scale invariant H g for invariant Einstein metrics above and 
we see that 

(1) H g sa 68.7023, (2) H g sa 68.4799, (3) H g sa 68.8906, (4) H g sa 68.6914, (5) H g sa 68.7757 

respectively. Thus we conclude that these invariant Einstein metrics can not be isometric each other. 
By normalizing Einstein constant A = 1, wc obtain: 

Theorem 2. The generalized flag manifold M — G/H — Eg/U(l) x SU(4) x SU(5) admits precisely 
five non-Kahler E^-invariant Einstein metrics up to isometry. These ^-invariant Einstein metrics g — 



(Xi, X 2 , X 3 , Xi, 


X5) are given approximately by 














(1) 


x\ p; 


■■ 0.36550657, 


2:2 s 


a 0.37331898, 


2:3 s 


a 0.19956931, 


2:4 s 


a 0.38506736, 


x 5 s 


a 0.40527143, 


(2) 


x\ p; 


i 0.33727144, 


2:2 s 


a 0.34985931, 


2:3 s 


a 0.35318260, 


2:4 s 


a 0.34766447, 


x 5 s 


a 0.10071598, 


(3) 


x x P= 


i 0.37877040, 


2:2 s 


a 0.22718089, 


2:3 s 


a 0.41047683, 


2:4 s 


a 0.34158391, 


2:5 s 


a 0.46320296, 


(4) 


X X S; 


i 0.38698208, 


2:2 s 


a 0.27890308, 


2:3 s 


a 0.39683418, 


2:4 s 


a 0.18390705, 


x 5 s 


a 0.41443703, 


(5) 


X X P= 


i 0.33939371, 


2; 2 s 


a 0.36754348, 


x 3 s 


a 0.35326931, 


X4 s 


a 0.18076620, 


x 5 s 


a 0.37452488. 



5. Homogeneous Einstein metrics on E 8 /U(l) x SU(2) x SU(3) x SU(5) 

5.1. The construction of the homogeneous Einstein equation on E 8 /U(l) x SU(2) x SU(3) x SU(5). 
We will exam now the case (F). We consider again the Lie group G = Eg and we set I1m = {^5} and 
IIo = {a\, 0.2, &3, <^4, CC6, 0:7, as}- This choice gives rise to the following (extended) painted Dynkin diagram 

OL\ OL2 «3 OL4 0:5 Ct 6 OL7 




It defines the flag manifold M = G/H = Eg /U(l) x SU(2) x SU(3) x SU(5). From Lemma [2] and since we 
have ht(a5) = 6, it follows that N = 6 = q, that is m = mi ©1TI2 ©1TI3 ©m4 ©ms ©m6. Thus we can find a pair 
(II, n ) for g — e 8 , which has an irreducible decomposition g = f)offif)i © f)2© 1)3® Tni ffira2ffim 3 ffint4ffim 5 fflm 6 
as Ad(fl")-modules, where f)o is the center of f) and f)i = su(2), () 2 = su(3), ()3 = su(5). Note that d = 
dimf)o = 1, d\ = dimfij = 3, c?2 = dimf) 2 = 8 and d 3 = dim f)3 = 24. Also from Lemma [2] we obtain 
thet di — dimrrij = 60, d$ = dimm 2 = 60, d$ = dimm 3 = 40, dj = dimm 4 = 30, <ig = dimm 5 = 12 and 
dg = dimm6 = 10. 
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Proposition 8. In the decomposition = f)o © f)i © f)2 1 
f}2 can be taken such that [f)i,Ttl6] = [f)2,nx6] = {0}- 



f)3 © mi © m 2 © m 3 © m 4 © m 5 © m 6 i/ie irfeafe (]i and 



Proof. Since f)i = su(2), and f)2 = su(3), we can assume that t)i ^ {0} and F)2 7^ {0}. Note that there 
is only a simple root otj = as with (aj ,ct) =^ and thus we can take the ideals f)i and \)2 such that 
[faEs] = [f&,Es] = {0}. Since n 6 = [i) C ,E s ], we have that [tf,n 6 ] = [f,c ft c c [[^C] >£ ; 5 ] + 

[h c , = {0}. By the definit ion of trig, we get the result. Similar for t)2- □ 



Now, we consider an Es-invariant Riemannian metric ( 
given by 

( , ) = x 1 -B\ mi +x 2 -B\ m +x 3 -B\ m +x 4 -B\ m 



x 5 -B\ 



on G/H = E 8 / U(l) x SU(2) x SU(3) x SU(5) 
(xi,x 2 ,x 3l X4,x 5 ,x 6 ) € (31) 



Proposition 9. The components of the Ricci tensor r for the G -invariant metric ( , ) on G/H = Es / U(l) x 
SU(2) x SU(3) x SU(5) defined by h31\), are given as follows: 



ri 



1 

' 2x1 
1 

2d7 



1 

2d7 



_£2_ _ 1 

a;i 2 2di 
.1:4 



1 

23 



\ X4X5 X1X5 X1X4, 



XX 

X2X3 
1 

+ 2d7 



X2 



X:i 



X1X3 X1X2 



+ 



2d! 



x 5 x 6 



1 

34 

X\X<a X1X5 



( X\ 



X:i 



X'4 



\X3X4 



XxXi XxXz 



T2 



: 1 

2~^ + TTfe 



r-3 



■ 



2d 2 

1 
2a* 
1 

2d^ 



/ X 2 



\X3X5 



X2_ 

Xx 2 



X-j 

X2X5 



2 

X2 



1 

2d^ 



x 5 
X2X3 



4 

22 
1 

~2d~2 



X4 1 
~ + 2d^ 



1 

2d~3 



X(i 



x:t 



• + 2d 3 



( x 3 



\X2X5 



X2 
X3X5 



3 

12 

x 5 \ 
X3X2 J 



X3 

XxX2 



X 2 

2 

46 

X2 



X-2 



XL 



/ X 2 
\X4X6 



X1X3 X2X3 
Xa Xfi 



X3 
X2XX 



X2X(i 



XX 



X3XX X3X2 



+ 



2d3 



X2X4, 

3 
14 



x?, 



Xx 



xa 



XxXa X3X4 XXX3 



(32) 
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From Proposition [31 we known that the unique Es-invariant Kahler-Einstein metric on G/H is given by 
mi + 2 • B\ m2 + 3 • B\ m3 + 4 • B\ m4 + 5 • B\ m& + 6 • B\ m6 . We use these parameters to obtain the following 



B\ 
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5.2. Use of submersion. From equations (|3"3"|) we obtain a system with five equations and nine unknowns, 
namely the triples 
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We put t = f) ®%, px = nil © m 5: P2 = na 2 © ITI4, p 3 = m 3 and q x = m 6 . Then 6 is a subalgebra of q, and from 
Propositon [5] we conclude that t x is also a subalgebra of g. In particular, we have 6 = 61 © f)i © f)2, where 
f)i = su(2), and i) 2 = su(3). Also, for dimensional reasons it is t% = su(6). Now, by using (fl3|) we obtain the 
following inclusions: 

[pi, pi] c p 2 ©e, [pi, p 3 ]cp 2 , [p 2 ,p 2 ] cp 2 ffi«, (M) 

[Pi, p 2 ] C plfflps, [p2,p 3 ]Cpl, [p 3 ,p 3 ]Cfi. 1 ' 

Thus we obtain an irreducible decomposition g — t pi © p 2 © p3 as Ad(A)-modules, which are mutually 
non-equivalent. Since I) C t, we can determine the fibration G/H — > G/K given by 

E 8 / U(l) x SU(2) x SU(3) x SU(5) E 8 / SU(6) x SU(2) x SU(3). 

We consider a Riemannian submersion tt : (G/H, g) — > (G/K, g) with totally geodesic fibers isometric to 
(K/H, g). 

Note that a G-invariant metric g on G/K = E 8 / SU(6) x SU(2) x SU(3) is given by 
9 = Vi- B\ Pl + y 2 ■ B\ P2 + y 3 ■ B\p 3 ( yi ,y 2 , y 3 ) € K+, 
a G-invariant metric g on G/ff = E 8 /U(l) x SU(2) x SU(3) x SU(5) is given by 

.9 = 2/1- B\ Pi + y 2 ■ B\ P2 + y 3 ■ B\ Pa + z x ■ B\ qi , (y x , y 2 , 2/3, ^l) € 
and a A-invariant metric 5 on K/H ~ SU(6)/ U(l) x SU(5) is given by 

9 = zi'B\ qi , z x eR+. 
Notice that the metric (|36|) can be written as the metric of the form (f3Tj) : 

.9 = 2/1- B\ m + y 2 ■ B\ m2 + y 3 ■ B\ m3 + y 2 ■ B\ m + y x ■ B\ ms + z x ■ B|m 6 . 
From (|32|) we obtain components ri of the Ricci tensor r for the metric (|38|) on G/H as follows: 
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Now we consider a G-invariant metric g on G/A = E 8 / SU(6) x SU(2) x SU(3) is given by 

Lemma 3. For an invariant metric g on E 8 / SU(6) x SU(2) x SU(3) given by i35\), the non-zero structure 
constants are the following (and their symmetries): 
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Proof. This is an immediate consequence of the decomposition $3 = f © rii © n 2 © ri3 and relation (1341) 



□ 



On the classification of homogeneous Einstein metrics on generalized flag manifolds with b2(M) — 1 



13 



Wc set d\ = dimni = 72, do, — dimri2 = 90 and d% — dimri3 = 40. 



Proposition 10. The components of the Ricci tensor f of the invariant metric g on Es / K defined by 135]) . 
are given as follows: 
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Proof. We use Lemma [3] and we apply again Theorem [TJ 

From Lemma [TJ by taking the horizontal part of r\ and r^, and r 2 and r3 in (|39|) . we see that 
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Thus we obtain the following equations: 
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and (l4*3")l . we see that 
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Now, by solving equations (l4"4")l . we obtain that 
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5.2.1. The contribution of the twistor fibration. For the computation of the triples 

use the twistor fibration which admits any flag manifold M = G/H of a compact (semi)-simple Lie group 
G, over an irreducible symmetric space G/L of compact type ( |BuR[ pp. 43-44]). This method was initially 
applied in |AC3j . 

We set [ = f)ffim 2 ffiiU4ffim6 and p = mi ©1x1301x15. Then, in view of the inclusions given by (H"3l) we conclude 
that [I, I] C (, [l,p] C p, and [p,p] C [. Let L be the connected Lie subgroup of G with Lie algebra [. Then 
g = ( © p is a reductive decomposition of G/L, and from the latter relations it follows that G/L is a locally 
symmetric space. In particular, since G — Eg is a simply connected Lie group, G/L is also simply connected 
and thus it is a symmetric space. Because G is simple (and compact), G/L is an irreducible symmetric space 
(of compact type). In our case we have that dim! = 136, thus it must be G/L — Eg/E 7 x SU(2), since 
dimG/L = dimG — dimL = 278 — 136 = 112 = dimp. Since f) C I it follows that H C L, and thus we can 
determine the fibration L/H — s- G/H — >• G/L, explicitly given as follows: 

E 7 x SU(2) / U(l) x SU(2) x SU(3) x SU(5) — > E 8 / U(l) x SU(2) x SU(3) x SU(5) 4- E g / E 7 x SU(2). 

We observe that on the fiber L/H, the Lie group L does not act (almost) effectively, that is H contains 
some non-trivial normal subgroups of L. Let U the normal subgroup of L which acts effectively on L/H with 
isotropy subgroup H'. Then L/H = L'/H', that is 

L/H = E 7 x SU(2)/U(1) x SU(2) x SU(3) x SU(5) = E 7 /U(l) x SU(3) x SU(5) = L'/H'. 

The fiber L'/H' is a flag manifold with three isotropy summands ( [Kim] ) : Let [' = f)' © f be a reductive 
decomposition of (' with repsect to -Be 7 , the negative of the Killing form of E7. Then T /(L'/H') = f = 
fi © f 2 © f3, where fi = m 2 , f 2 = TO4, and f 3 = m 6 . We set Di = dimfi = 60, D 2 = dimf 2 = 30 and 
Z?3 = dimf3 = 10 and we consider E7-invariant metrics on E 7 /U(l) x SU(3) x SU(5), of the form 
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Lemma 4. For a L' -invariant metric gf on the fiber L'/H' given by |^6] ) ; the non-zero structure constants 

(and their symmetries). 
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Proof. This result follows from the inclusions [f x ,f x ] C f)' © f 2 , [fi,f 2 ] C f 1 © f 3 , [f X , f 3] C fa, [f 2 , f 2 ] C f)', 
[fa, fa] C fi, and [f3, fa] c \)' , which are easily obtained from relations given in ([TB")) . □ 



Let Ri be the components of the Ricci tensor Ric 9f for the E 7 -invariant metric <7j on the fiber L'/H' = 
E 7 /U(l) x SU(3) x SU(5), defined by (@BJ). Then, in view of LcmmaSJand by applying TheorenQ] (2), we 
obtain the following forms for the components Ri. 

Proposition 11. The components Ri of the Ricci tensor for an ^-invariant metric gf on the fiber L'/H' = 
E 7 /U(l) x SU(3) x SU(5) defined by Efil), are given as follows: 
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(47) 



From Proposition [3] we know that E 7 /U(l) x SU(3) x SU(5) admits a unique Kahler-Einstein metric, 



explicitly given by 1 • B El 
2 



we obtain the values 



11 



-2-B E 
10 and 



- 3 ■ Be 7 



Thus, by solving the system — R 2 = 0, R2 — Ra = o|, 



10/3. 



Since L' = E 7 is a simple Lie subgroup of Es there is a positive number c, such that B Er — c ■ B Es , where 
^e s = B is the Killing form of Eg. In particular it is c = £>e 7 /-E>e s =3/5 (cf. |Brbj L Then, by applying an 
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easy computation based on the definition of the structure constants 
given as follows (see for example [AC 31 Lemma 1]): 

3/5 ■ 10 = 6, 
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By substituting the values 



= 6 into equations ([4"S"jl , we get the explicit values of all non-zero triples for 



E 8 / U(l) x SU(2) x SU(3) x SU(5) with respect to the decomposition m = mi © nt2 © 1U3 © m4 © ms © rri6. 
Proposition 12. For the F<$-invariant m 
by {H]j, the non-zero structure constants 



Proposition 12. For the ^-invariant metric ( , ) on M = G/H = E 8 /U(l) x SU(2) x SU(3) x SU(5) given 

are given as follows: 
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5.2.2. Solutions of the homogeneous Einstein equation. By using Proposition [T2l and the dimensions 
di = diniRirii presented in §5.1[ the components r» (1 < i < 6) of the Ricci tensor are completely determined 
by equation (|32j) . In particular, a G-invariant metric ( , ) = (jci, X2, X3, X4, X5, x@) € on G/i/ = Eg / U(l) x 
SU(2) x SU(3) x SU(5), is an Einstein metric, if and only if it is a positive real solution of the following system 



m - r 2 = 0, r 2 - r 3 = 0, r 3 - r 4 = 0, 

where the components are given as follows: 
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X4X5 



X4 
X1X5 



1 

+ 12 



3'2 



X3 



re 



+ 



2'(> 



X2X3 X3X5 X2X. 
' I X5 "\ , 1 / X6 



1 



.'IT, 



Xl 



+ 



24 \X1X6 X5X6 

X2 X4 



20 \x1X5 X5X6 X1X6 J ' 10 \X2X4 X4X6 X2X6 

We normalize our equations by setting X\ = 1. We see that the system of equations 
following system of polynomial equations: 

fl = — 6X3xlx 5 X6 + 2x!(x4(l + 6x 5 )x6 + X3(xs + 6x4X5X5)) — 2X2{x\x4Xf, + X4Xs(6 + X 5 )x6 
+X3X 5 (X4 — 26X4X6 + x|)) + x\ ^4x1x5X6 + 4(— 1 + xl)xsX6 + X3 (2x1x6 + 2(— 1 + 



x 6 
X1X5 



reduces to the 



-1 + X 5 1X6 



+x 4 (-l + x% - 60x 5 x 6 + xg)) = 



h 



-6x|x|x5X6 + 3X2X5X6 ( — 2x| + 2X3(1 — 10X4 + X4) + X4X6J + X2X3 (5X4(1 + 3x 5 ^ 



2'(i 



+2X3(X5 + 2X4X5X 6 )) + X2X3(x 4 X 5 (3 + x 5 )x 6 - 5x|x 4 (l + 3x 5 )x 6 — 2x 3 x 5 (x| — 26x 4 x 6 + Xg)) = 
/3 = -6x|xlx 5 x 6 + x|x 6 (14x3X5 + 2x 3 (l + 30x 4 - 7xl)x 5 — 4x|(— 1 + x\ + 12x 5 - x|) - 3x4X 5 x 6 ) 
+X2X3 (4x3X5 - 3x 4 (l + 3x 5 )x 6 ) + x 2 x 3 ( — 3x4x5(3 + x 5 )x 6 + 3x3X4(1 + 3x 5 )x 6 + 4x 3 x 5 (— x\ + x 6 )) = 

fi — 6X3x1x5X6 + X^( — 4X3X5 + IOX4X6) + 2X2(5x|x4X6 — 5X4X§X6 + 2X3X5(xl — x|)) + x\ I — 8x^X5X6 



(50) 



x|; 



= 



+8(-l + xl)x 5 x 6 + x 3 (l4xlx 6 + 2(3 + 24x 5 - 7xi)x 6 - 5x 4 (-l + x§ + 12x 6 
/s = 2x|x3(6x3X5 - 5x 4 X6) - 2x3(5x3X4X6 - 5x 4 x|x 6 + 6x 3 x 5 (-xl + x|)) 

+x 2 ( - 6x4x5X6 +Xs(- lOxlxe + 10(-1 + x|)x 6 + x 4 (l - 48x 5 + llx| + 60x 6 - llxl)) ) = 0. 
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We need now to find non-zero solutions of equations (|50[) . By following a similar approach like case (E), i.e., 
by considering a polynomial ring R = Q[y, x 2 , x 3 , x 4 , X5, xq] and an ideal I generated by 

{/1, f-2, /a, fa, k, yx 2 x 3 X4X 5 x 6 - 1}, 

then we see that is very difficult to compute a Grobner basis for the ideal I. For this case we use the software 
package HOM4PS-2.0, which is based on the homotopy continuation method for solving polynomial systems 
(see [LeLT] ) and enable us to obtain explicitly all positive real solutions of system ([50]) . We present the 
following result: 

Proposition 13. The generalized flag manifold M = G/H = E 8 / SU(5) x SU(3) x SU(2) x U(l) admits 
(up to a scale) precisely four non-Kahler Fig-invariant Einstein metrics. These F%-invariant Einstein metrics 
g = (x\, X2, X3, X4, X5, Xq) are given approximately by 

(1) xi = 1, x 2 ~ 0.954875, 2:3 ~ 0.965321, x 4 w 1.00534, x 5 « 0.290091, x 6 « 1.01965. 

(2) Xl = 1, x 2 ~ 0.986536, x 3 « 0.636844, x 4 w 1.06853, x 5 w 1.13323, x 6 « 0.921127. 

(3) xi = 1, x 2 w 0.90422, x 3 0.778283, x 4 0.927483, x 5 « 1.03408, x 6 0.359949. 

(4) xi = 1, x 2 w 0.82308, x 3 « 1.14673, x 4 ~ 1.17377, x 5 « 1.42664, x 6 1.46519. 

and i/ie Einstein constants A are given by 

(1) A « 67.805543, (2) A « 0.348602829, (3) A w 68.228353, (4) A « 0.313933143, 

respetiveZ?/. 

Similarly with case (E), for any G-invariant Einstein metric g = (xi, X2, x 3 , X4, X5, Xe) on M we consider 

6 

the scale invariant H g = V g 1 ^ d S g , where d — V^rfj, S g is the scalar curvature of g and is the volume 

i-l 

6 

y g = J^£i di of the given metric g. We compute the scale invariant H g for invariant Einstein metrics above 
i=i 

and we see that 

(1) H g « 67.805543, (2) H g w 68.468503, (3) £T 9 w 68.228353, (4) w 68.685589 

respectively. Since we get different values we conclude that these invariant Einstein metrics can not be 
isometric each other. 

By normalizing Einstein constant A = 1, we conclude that 

Theorem 3. The generalized flag manifold M — G/H — E 8 / SU(5) x SU(3) x SU(2) x U(l) admits precisely 
four non-Kahler Eg-invariant Einstein metrics up to isometry. These Eg-invariant Einstein metrics g — 
(aji, x%, X3, X4, X5, Xq) are given approximately by 

(1) xi w 0.349296 x 2 w 0.333534, x 3 w 0.337183, x 4 « 0.35116, x 5 w 0.101328, x 6 w 0.356159, 

(2) xi w 0.348603 x 2 « 0.343909, x 3 « 0.222006, x 4 w 0.372492, x 5 w 0.395047, x 6 w 0.321107, 

(3) xi w 0.367518, x 2 w 0.332318, x 3 w 0.286033, x 4 w 0.340867, x 5 w 0.380043, x 6 w 0.132288, 

(4) xi w 0.313933, x 2 w 0.258393, x 3 w 0.359988 x 4 w 0.368484, x 5 w 0.44787 x 6 w 0.459972. 

Main Theorem in Introduction is now a consequence of Theorems [2] and [3l and the results stated in Table 

1. 
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